We study new interactions between degrees of freedom for Calogero, Sutherland and confined Calogero spin models. These interactions are encoded by the generators of the Lie algebra so(N ) or sp(N ). We find the symmetry algebras of these new models: the half-loop algebra based on so(N ) or sp(N ) for the Calogero models and the Yangian of so(N ) or sp(N ) for the two types of other models. Surprisingly, these symmetry occur only for a specific value of the coupling constant.
Introduction
The Calogero and Sutherland models are one-dimensional many body problems with long range interactions [1, 2] . The introduction of a gl(N) internal degree of freedom in these models [3] [4] [5] has proved to be fruitful in various physical and mathematical investigations. This is well illustrated in the study of their symmetries which turn out to be the half-loop algebra or the Yangian associated to gl(N) [6] [7] [8] [9] . This letter is devoted to the introduction of new interactions between the internal degrees of freedom in these models and finding the symmetry algebra of these new models. The interactions are defined thanks to the fundamental representation of the generators of the Lie algebras so(N) or sp(N). We will call these new models so(N) or sp(N)-spin models. At this point, to avoid ambiguity, let us remark that these models are different from the so-called BC N models [10] . Indeed, in the latter case, it is the potential which is closely related to the root systems of the algebra BC N and such models possess reflection algebra symmetry [11] .
The plan of the letter is as follows. In section 1, we introduce the definitions and different notations used in the letter. Then, in the three following sections which have the same structure, we introduce the Hamiltonian for Calogero so(N) or sp(N) spin model, Sutherland so(N) or sp(N) spin model and confined Calogero so(N) or sp(N) spin model. The main results of this letter consists in finding for each model the symmetry algebra. We finish by an appendix where technical details for computations are gathered.
General setting
Let x 1 , . . . , x L be the positions of L particles on a one-dimensional space. We associate to each particle an internal degree of freedom or spin which will be considered as a vector belonging to C N . The spin operators E ab i (1 a, b N and 1 i L) are matrices with entry 1 in row a and column b and zero elsewhere which act on the spin space of the i th particle. They provide a representation of ⊕ L 1 gl(N) and they satisfy the following commutation relations
(1.1)
Let θ 0 = ±1. For each index 1 a N, we introduce the following sign, for N even, 2) and θ a = +1 if N is odd. We introduce also the following conjugate indexā
In particular θ a θā = θ 0 . These definitions allow us to deal simultaneously with the Lie algebras so(N) and sp(N), subalgebras of gl(N). Let us define, for 1 a, b N,
The algebra g + (N) (resp. g − (N)) spanned by these generators is isomorphic to so(N) (resp. sp(N)) when θ 0 = +1 (resp. θ 0 = −1). Of course, the case θ 0 = −1 occurs only when N is even. These generators satisfy the symmetry relation
To correctly define the structure constants and a non-degenerate metric tensor of g ± (N), we need to restrict this set {F ab } of generators to a basis of g ± (N). Let us define the subsets of indices E + = {(a, b)|ā > b} and E − = {(a, b)|ā b}. The sets B ± = {F ab |(a, b) ∈ E ± } form bases of Lie algebras g ± (N). Then, the commutation relations of g ± (N) can be written as follows, for 6) where the structure constants read
The function H(i, j) is defined, for (i, j) ∈ E ± , as follows
The factor 1/2 in the function H is relevant only in the case where we consider g − (N) and is due to the particular choice of the normalisation of the generators. We choose the non-degenerate metric tensor as follows, for (a, b),
This metric will allow us to raise or lower the indices of the structure constants.
Calogero model
In this section, we will obtain the symmetry algebra of the Calogero g ± (N)-spin model which we defined through the following Hamiltonian
The matrix P jk permutes the spins of the j th and k th particles and can be written in terms of the spin operators as
The operator Q jk is defined by
They satisfy, in particular, the useful properties P jk = P kj and Q jk = Q kj . These two operators are the crucial elements to construct the R-matrix associated to the Yangian of so(N) or sp(N) [12] [13] [14] [15] .
The introduction in the Hamiltonian of the operator Q jk modifies the interaction between the degrees of freedom of the particles as compared with the gl(N)-spin model. Note that we can write the new interactions in terms of the generators of g ± (N) as follows
We have used in the previous formula the conventional notation (
It is well-known that the symmetry algebra of A N Calogero gl(N)-spin model is the half-loop algebra of gl(N) [6] [7] [8] [9] . We shall show how this symmetry algebra is modified for Calogero g ± (N)-spin model. We introduce the following operators, for (a,
After a straightforward computation, we can show that these operators satisfy the following relations
for the following particular value of the coupling constant
In relations (2.7) and (2.8), we have used the Einstein's notation for the repeated pair of indices (e, f ) but the sums are only for (e, f ) ∈ E ± (for example, we write explicitly this sum in (1.6)). From now on, we use this convention for the repeated indices.
For the particular choice N = 4θ 0 , the denominator in (2.10) vanishes and therefore J ab 0 , J ab 1 are not well-defined. However, this corresponds to the case where we consider the algebra so(4) which is a non-simple Lie algebra.
The higher level generators, J The particular value (2.10) of λ is necessary and sufficient to prove the second relation in (2.12) whereas the first one holds for any value of λ. We have used, in particular, the two following properties
Therefore, we have therefore shown that the symmetry algebra of the model described by the Hamiltonian (2.1) is the half-loop algebra associated to g ± (N). To obtain the symmetry, it was necessary to constrain the coupling constant. This feature is new in comparison with the Calogero gl(N)-spin model where the coupling constant remains arbitrary free.
Sutherland model
In this section, we introduce a new Sutherland spin model, called Sutherland g ± (N)-spin model, whith Hamiltonian given by
and exhibit its symmetry algebra. It is well-known that the symmetry algebra of Sutherland gl(N)-spin model is the Yangian of gl(N) and we show that for this model it is the Yangian of g ± (N). The end of this section consists in proving this statement. For convenience, let us define the symmetriser of any three elements
where S 3 is the group of the permutations of order 6. The Yangian of g ± (N) is the associative algebra generated by {K
± } constrained by the following commutation relations [16] , for
and by the Serre relations, for (a, b),
We recall that we use the Einstein's notation for repeated indices but that the skipped sums are running over E ± . The Lie algebra indices are lowered or raised by the invariant non-degenerate metric tensor defined by relation (1.9).
The following operators, for (a, b) ∈ E ± ,
give a representation of the Yangian of g ± (N) provided that the coupling constant λ (which is also the deformation parameter of the Yangian) takes the particular value (2.10). The first two relations (3.3) and (3.4) are easily proven by direct computation. We give some details for the computation of the Serre relation (3.5) in the appendix.
By direct computation, we can also prove that
The first relation in (3.8) is true for any λ whereas the second one holds only and only if λ is equal to the particular value (2.10). Therefore, we have proved that the symmetry algebra of the model described by the Hamiltonian (2.1) is the Yangian of g ± (N) (for the deformation parameter equal to
Confined Calogero model
This section is devoted to studying the symmetry algebra of the confined Calogero g ± (N)-spin model which is described by the following Hamiltonian
The operator H C is the Hamiltonian of the Calogero model introduced in (2.1). Let us remark that the introduction of this harmonic potential breaks translation invariance. We shall prove that the linear combinations introduced in [7] to obtain the symmetry algebra of the confined Calogero gl(N)-spin chain model are also relevant in our case to obtain the symmetry algebra. Let us define a new set of operators, for (a, b) ∈ E 
where we have used this following contraction ( 
Once again, these relations are satisfied if and only if the parameter λ takes the particular value (2.10) whereas the parameter ω remains free. Obviously, in the limit ω tends to 0, we recover the half-loop algebra for the corresponding Calogero model. The commutation relations (4.5) and (4.6) are computed directly. Some details for the computation of the Serre relations are presented in the appendix. The proof of the symmetry is provided by the two following relations
Let us remark that the first relation in (4.8) holds for any λ whereas the second one requires that λ takes the particular value (2.10). Therefore we have proved that the symmetry of the model described by the Hamiltonian (4.1) is the Yangian of g ± (N) with the deformation parameter equals to
Conclusion
In this letter, we studied new interaction between degree of freedom for different models with long range interaction such as Calogero model, Sutherland model or confined Calogero model. For each one, we obtain the symmetry algebra. Several questions remain open. The Lax pair as well as the Dunkl operators are not computed for these new models. These different approaches may allow one to deeply understand the constraint on the coupling constant which appears here. Another problem consists in computing the eigenfunctions and the eigenvalues of these models. The knowledge of the symmetry may help for their resolution. Indeed, for previous cases like the Sutherland gl(N)-spin model whose the symmetry is the Yangian of gl(N), the algebra symmetry is crucial to find the spectrum (see e.g. [6, 8, 17] ). Finally, we want to point out the problem of the "freezing" method. Indeed when the coupling constant is not constrained, it is possible to obtain non-dynamical spin chains known as Frahm-Polychronakos or Haldane-Shastry spin chains [18] [19] [20] [21] . This method seems not to work for the models studied in this letter.
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A Appendix
In this appendix, we give some details about the proof of the Serre relations (3.5) and (4.7).
Sutherland model
Using relation (2.8), the left-hand side of relation (3.5) can be written as
By direct computation, we obtain
The explicit form of K mn 2
is not relevant because the Jacobi identity for the structure constants implies that these terms vanish in (A.1). The operator X ab,αβ takes the following form,
where
Since the right-hand side of (3.5) does not depend on the position, the function f (x j , x k ) must be constant. This constraint implies that λ = Finally, we compute Y ab,αβ using explicit expression (3.6) of K ab 0 to show that RHS given by (A.5) is equal to LHS given by (A.1) which finishes the proof of the Serre relation (3.5).
Confined Calogero model
The computation of relation (4.7) is simplified by remarking that its right-hand side is identical to the one of relation (3.5) (up to a factor 4ω
2 ) which has been computed previously. Its left-hand side (divided by −ω 2 ) can be reduced to 
